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Reminder: Score-Based Generative Modeling with SDEs

Let x1:N ∼ µ⊗N , where µ ∈ P(Rd) represents an unknown probability
distribution.
Goal: To sample a new data point xN+1 ∼ µ.

 

  

Forward SDEData Prior DataReverse SDE

  

Forward SDE:{
dxt = −xtdt+

√
2dBt,

Law(x0) = µ

Backward SDE:
dyt = (yt + 2∇x log pT−t(yt)) dt

+
√

2dWt,
Law(y0) = N (0, Id),
Law(xt) = pt(x)dx

Ref: Song et al., 2020[8]
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Reminder: Score-Based Generative Modeling with SDEs

Learning the score function sθ(t, y) ≈ ∇x log pt(y)
Consider T > 0 and a subdivision t0:n of [0, T ].
Solving the discretized SDE{

y0 ∼ N (0, Id),

∀t ∈ [0, T ], dyt = (yt + 2sθ̂(T − t, yt)) dt+
√

2 dwt,

results in yT ∼ µ̂ ≈ µ in some sense.
The score sθ(t, x) is outputted by the model.
The parameter θ̂ is estimated as follows:

θ̂ ∈ Argmin
{
Ît1:N (θ), θ ∈ Rdθ

}
,

where Ît1:N (θ) =
n∑
j=1

N∑
i=1

∣∣∣∣sθ (tj , e−tjxi +
√

1− e−2tj zi
)
− zi√

1− e−2tj

∣∣∣∣2 .

Ref: Song et al., 2020[8]
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Reminder: Image generation from backward SDE

Ref: Song et al., 2020[8]
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Motivation: sampling conditional distributions

Let our data be (xi, yi)1≤i≤N ∼ µ⊗N with µ ∈ P(X × Y) unknown.
Goal: given y ∈ Y, sample xN+1 | y ∼ µ(dx | y) where µ(dx | y) is a
conditional distribution of x knowing y.

Ref: Song et al., 2020[8]
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Outline

Unconditional denoising diffusion probabilistic models

Classifier guidance

Classifier-free guidance

Latent diffusion models

Universal guidance
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Probabilistic graphical model formulation

Discrete Ornstein-Uhlenbeck process (regular time-step ∆t, n∆t = T ):{
x0 ∼ µ(dx0)
∀k ∈ J1, nK, xk | xk−1 ∼ N

(
e−∆txk−1,

(
1− e−2∆t

)
Id
)

(dxk)

Forward diffusion model
Let (βk)1≤k≤n a sequence (variance schedule) in (0, 1)n. We consider the
discrete Markov process:{

x0 ∼ µ(dx0)
∀k ∈ J1, nK, xk | xk−1 ∼ N

(√
1− βkxk−1, βkId

)
(dxk)

x0 x1 x2 xn−1 xn· · ·
q1|0(x1 | x0)dx1 q2|1(x2 | x1)dx2 qn|n−1(xn | xn−1)dxn

Example: n = 1, 000, β1 = 10−4, βn = 0.02 and

∀k ∈ J1, nK, βk = β1 +
k − 1

n− 1
(βn − β1)

ref: Ho et al., 2020[4]
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Forward diffusion

By (a tedious) induction, ∀k ∈ J1, nK,

xk | x0 ∼ N (
√
αkx0, (1− αk)Id) (dxk) =: qk|0(xk | x0)dxk,

with αk =

k∏
`=1

(1− β`).

Marginal distribution of xn

xn ∼
∫
Rd
N (
√
αnx0, (1− αn)Id) (dxn)µ(dx0) =: qn(xn)dxn.

It is crucial to have qn(xn)dxn ≈ N (0, Id)(dxn) but
qn(xn)dxn 6= N (0, Id)(dxn).

ref: Ho et al., 2020[4]
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Backward process

Motivation for the backward process: informal notation

N (0, Id) ≈ Qn ◦ · · · ◦Q1µ

Q−1
1 ◦ · · · ◦Q

−1
n N (0, Id) ≈ µ

Distributions of xk-1 | xk, x0

k ≥ 2, xk-1 | xk, x0 ∼
qk(xk | xk-1)qk-1|0(xk-1 | x0)

qk|0(xk | x0)
dxk-1

= N
(
γkx0 + λkxk, β̃kId

)
(dxk-1)

=: qk-1|k,0(xk-1 | xk, x0)dxk-1

with γk =
βk
√
αk-1

1− αk
, λk =

1− αk-1
1− αk

√
1− βk and β̃k =

1− αk-1
1− αk

βk.

If for some k, βk = 1 then αk = 0 and

qk-1|k,0(xk-1 | xk, x0) = qk-1|0(xk-1 | x0).

ref: Ho et al., 2020[4]
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Learning the backward process

Expression of the backward process:

xk-1 | xk ∼
∫
Rd
N
(
γkx0 + λkxk, β̃kId

)
(dxk-1)µ(dx0) =: qk-1|k(xk-1 | xk)dxk-1.

Denoising diffusion probabilistic model
θ ∈ Rp the parameters of the model.

xn ∼ pn(xn)dxn := N (0, Id)(dxn)

xn-1 | xn ∼ pn-1|n(xn-1 | xn; θ)dxn-1 := N (µn(xn, θ),Σn(xn, θ)) (dxn-1)

...
x0 | x1 ∼ p0|1(x0 | x1; θ)dx0 := N (µ1(x1, θ),Σ1(x1, θ))(dx0).

Marginal distribution of the data

p0(x0; θ) :=

∫
(Rd)n

pn(xn)

n∏
k=1

pk-1|k(xk-1 | xk; θ)dx1:n.

ref: Ho et al., 2020[4]
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Expected lower-bound

Let
(
x

(1)
0 , · · · , x(N)

0

)
be our dataset, represented by the empirical measure

µ̂N =
∑N
i=1 δx(i)0

.

Maximum likelihood estimator

θ̂(µ̂N ) ∈ Argmax
θ∈Rp

{
` (θ; µ̂N ) :=

1

N

∫
Rd

log p0(x0; θ)µ̂N (dx0)

}
.

For any x0 ∈ Rd,

log p0(x0; θ) = log

(∫
(Rd)n

pn(xn)
n∏
k=1

pk-1|k(xk-1 | xk; θ)dx1:n

)

= log

(∫
(Rd)n

p0|1(x0 | x1; θ)
pn(xn)

qn|0(xn | x0)
qn|0(xn | x0)

×
n∏
k=2

pk-1|k(xk-1 | xk; θ)

qk-1|k,0(xk-1 | xk, x0)
qk-1|k,0(xk-1 | xk, x0)dx1:n

)

ref: Ho et al., 2020[4]
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Expected lower-bound

log p0(x0; θ) = `(θ, δx0)

≥
∫
(Rd)n

log

(
p0|1(x0 | x1; θ)

pn(xn)

qn|0(xn | x0)

n∏
k=2

pk-1|k(xk-1 | xk; θ)

qk-1|k,0(xk-1 | xk, x0)

)

× qn|0(xn | x0)
n∏
k=2

qk-1|k,0(xk-1 | xk, x0)dx1:n

=: ˜̀(θ, δx0) (ELBO).

ref: Ho et al., 2020[4]
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Expected lower-bound

˜̀(θ, δx0) =

∫
Rd

log
(
p0|1(x0 | x1; θ)

)
q1|0(x1 | x0)dx1

(
=: `0|1(θ, δx0)

)

+

∫
Rd

log

(
pn(xn)

qn|0(xn | x0)

)
qn|0(xn | x0)dxn(= cst)

+

n∑
k=2

∫
Rd

∫
Rd

log

(
pk-1|k(xk-1 | xk; θ)

qk-1|k,0(xk-1 | xk, x0)

)
qk-1|k,0(xk-1 | xk, x0)dxk-1

× qk|0(xk | x0)dxk(
= −

n∑
k=2

∫
Rd
DKL

(
N
(
γkx0 + λkxk, β̃kId

)
‖N (µk(xk, θ),Σk(xk, θ))

)
× qk|0(xk | x0)dxk =: −

n∑
k=2

Dk(θ, δx0)

)
.

ref: Ho et al., 2020[4]
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˜̀(θ, δx0) =

∫
Rd

log
(
p0|1(x0 | x1; θ)

)
q1|0(x1 | x0)dx1

(
=: `0|1(θ, δx0)

)
+

∫
Rd

log

(
pn(xn)

qn|0(xn | x0)

)
qn|0(xn | x0)dxn(= cst)

+

n∑
k=2

∫
Rd

∫
Rd

log

(
pk-1|k(xk-1 | xk; θ)

qk-1|k,0(xk-1 | xk, x0)

)
qk-1|k,0(xk-1 | xk, x0)dxk-1

× qk|0(xk | x0)dxk(
= −

n∑
k=2

∫
Rd
DKL

(
N
(
γkx0 + λkxk, β̃kId

)
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Score function

If Σk(xk, θ) = σ2
kId, then

Dk(θ, δx0) = cst +
1

2σ2
k

∫
Rd
‖γkx0 + λkxk − µk(xk, θ)‖2qk|0(xk | x0)dxk.

ε-functions
With the following reparameterization:

µk(xk, θ) =
1√

1− βk

(
xk −

βk√
1− αk

εk(xk, θ)

)
,

we obtain

Dk(θ, δx0) = cst + νk

∫
Rd

∥∥ε− εk(
√
αkx0 +

√
1− αkε, θ)

∥∥2N (0, Id)(dε),

with νk =
β2
k

2σ2
k(1− βk)(1− αk)

.

εk(xk, θ) ≈ −
√

1− αk∇xk log qk(xk).

ref: Ho et al., 2020[4]
15 / 41



Score function

If Σk(xk, θ) = σ2
kId, then

Dk(θ, δx0) = cst +
1

2σ2
k

∫
Rd
‖γkx0 + λkxk − µk(xk, θ)‖2qk|0(xk | x0)dxk.

ε-functions
With the following reparameterization:

µk(xk, θ) =
1√

1− βk

(
xk −

βk√
1− αk

εk(xk, θ)

)
,

we obtain

Dk(θ, δx0) = cst + νk

∫
Rd

∥∥ε− εk(
√
αkx0 +

√
1− αkε, θ)

∥∥2N (0, Id)(dε),

with νk =
β2
k

2σ2
k(1− βk)(1− αk)

.

εk(xk, θ) ≈ −
√

1− αk∇xk log qk(xk).

ref: Ho et al., 2020[4]
15 / 41



Score function

If Σk(xk, θ) = σ2
kId, then

Dk(θ, δx0) = cst +
1

2σ2
k

∫
Rd
‖γkx0 + λkxk − µk(xk, θ)‖2qk|0(xk | x0)dxk.

ε-functions
With the following reparameterization:

µk(xk, θ) =
1√

1− βk

(
xk −

βk√
1− αk

εk(xk, θ)

)
,

we obtain

Dk(θ, δx0) = cst + νk

∫
Rd

∥∥ε− εk(
√
αkx0 +

√
1− αkε, θ)

∥∥2N (0, Id)(dε),

with νk =
β2
k

2σ2
k(1− βk)(1− αk)

.

εk(xk, θ) ≈ −
√

1− αk∇xk log qk(xk).

ref: Ho et al., 2020[4]
15 / 41



Architecture and training

Maximum ELBO estimator

θ̂(µ̂N ) ∈ Argmax
θ∈Rp

{
˜̀(θ, µ̂N ) = `0|1(θ, µ̂N )−

n∑
k=2

Dk(θ, µ̂N )

}
.

Figure 1: U-Net architecture for segmentation (Mehrdad Yazdani, Wikipedia),
from which the architecture for the score functions εk(x, θ) is inspired.

ref: Ho et al., 2020[4]
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Quantification of the performance of generative models

Let ν̂M =
∑M
m=1 δxm a measure representing a validation dataset. Our

trained model is a probability distribution µ̃. The performance of the
model is quantified by dist

(
µ̃, 1

M
ν̂M
)
subject to the condition that

dist
(

1
M
ν̂M , µ

)
≈ 0.

In practice, computing dist(µ1, µ2) is intractable in most applications.

Figure 2: Kilian Fatras, Towards Data Science, 2020.
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Inception-V3 classifier

Let Y = {c1, . . . , cK} a set of image classes (K ≈ 20, 000 for ImageNet).

Let x ∈ Rd 7→ µ†(dy | x) :=
K∑
k=1

p†k(x)δck (dy) ∈ P(Y) be the Inception V3

classifier (chosen as reference).

Figure 3: Classification using VGG-net, older than Inception-V3.

Ref: Szegedy et al., 2015[9].
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Inception score

Let µ̃(dx) = p0

(
x; θ̂
)

dx ∈ P
(
Rd
)
be the learned generative model.

Inception score

Si
(
µ̃;µ†

)
:= exp

[∫
Rd
DKL

(
µ†(dy | x)‖µ†(dy | µ̃)

)
µ̃(dx)

]
,

where µ†(dy | µ̃) :=

∫
Rd
µ†(dy | x)µ̃(dx).

Samples
Model Real data Model 1 Model 2 Model 3 Model 4 Model 5
Score ± std. 11.24 ± .12 8.09 ± .07 7.54 ± .07 6.86 ± .06 6.83 ± .06 4.36 ± .04

Trade-off between diversity and fidelity of the generated samples.

Ref: Salimans et al. (2016) [7].
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Fréchet Inception distance

Let ϕ : Rd → RK be the final embedding layer of the Inception V3 classifier,
such that for all k ∈ J1,KK,

p†k(x) =
exp (ϕ(x)k)∑K
`=1 exp (ϕ(x)`)

.

Let µ̃M =
∑M
m=1 δx̃m be independent samples from the model.

Frechet Inception distance

Df
(

1

M
µ̃M ,

1

M
νM

)2

:=

∥∥∥∥mean

(
ϕ#

1

M
µ̃M

)
−mean

(
ϕ#

1

M
νM

)∥∥∥∥2

+ Tr

(
cov

(
ϕ#

1

M
µ̃M

)
+ cov

(
ϕ#

1

M
νM

)
−2

(
cov

(
ϕ#

1

M
µ̃M

)
cov

(
ϕ#

1

M
νM

))1/2
)
.

Ref: Szegedy et al. (2015)[9], Heusel et al. (2017)[3]
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Fréchet Inception distance

Figure 4: FID = 33.0 for Model 1, generating images of Welsh Corgis, trained on
ImageNet.

Ref: Dhariwal and Nichol (2021) [2].
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Fréchet Inception distance

Figure 5: FID = 12.0 for Model 2, generating images of Welsh Corgis, trained on
ImageNet.

Ref: Dhariwal and Nichol (2021) [2].
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Fréchet Inception distance

Figure 6: FID = 3.85 for Model 3 trained on the whole ImageNet dataset.

Ref: Dhariwal and Nichol (2021) [2].
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Conditional denoising

Finite-class mixture distribution
Let Y = {c1, . . . , cK} be a finite set.
We assume that the target distribution can be decomposed into a finite
mixture:

µ(dx) =
∑
c∈Y

πcµc(dx | c).

We assume that we have a diffusion model (pk-1|k)1≤k≤n, and a classifier
model (py|`)0≤`≤n trained on noisy data.

Condtional denoising diffusion model
Let c ∈ Y, and s > 0,

xn | c ∼ p̃n(xn | c) ∝ py|n(c | xn)sN (0, Id)(dxn),

and for k = n, . . . , 1,

xk-1 | xk, c ∼ p̃k-1|k(xk-1 | xk, c) ∝ py|k-1(c | xk-1)spk-1|k(xk-1 | xk)dxk-1.

In general, distributions p̃k-1|k cannot be sampled.

Ref: Dhariwal and Nichol, 2021[2].
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Perturbed Gaussian transition

Denoising kernel for conditional sampling
With pk-1|k(xk-1|xk)dxk-1 = N (µk(xk),Σk(xk)) (dxk-1),

p̃k-1|k(xk-1 | xk, c)
≈ N

(
µk(xk) + sΣk(xk)∇xk-1 log py|k-1(c | µk(xk)),Σk(xk)

)
(dxk-1).

Indeed, we have

p̃k-1|k(xk-1 | xk, c) ∝ exp

(
−1

2
(xk-1 − µk(xk))T Σk(xk)−1 (xk-1 − µk(xk))

+ s log py|k-1(c | xk-1)

)
,

log py|k-1(c | xk-1) = log py|k-1(c | µk(xk))

+

∫ 1

0

∇xk-1 log py|k-1(c | µk(xk) + α(xk-1 − µk(xk)))T(xk-1 − µk(xk))dα

=: log py|k-1(c | µk(xk)) + gk-1(xk-1)T(xk-1 − µk(xk)),

Ref: Dhariwal and Nichol, 2021[2].
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Perturbed Gaussian transition

p̃k-1|k(xk-1 | xk, c) ∝ exp

(
−1

2
(xk-1 − µk(xk))T Σk(xk)−1 (xk-1 − µk(xk))

+ sgk(xk-1)T(xk-1 − µk(xk))

)
.

Class-conditional mean and score for the sampling
Conditional backward mean:

µ̃k(xk, c) := µk(xk) + sΣk(xk)∇xk-1 log py|k-1(c | µk(xk)).

Conditional score:

ε̃k(xk, c) := εk(xk)− sσ
2
k

βk

√
(1− αk)(1− βk)∇xk-1 log py|k-1(c | µk(xk)).

Ref: Dhariwal and Nichol, 2021[2].
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Sensitivity with respect to s

Figure 7: s ranging from ≈ 0 to 5.5.

Ref: Dhariwal and Nichol, 2021[2].
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Classifier-free guidance

Empirical distribution of the data: µ̂N =
∑N
i=1 δ

(
x
(i)
0 ,y(i)

) ∈M+(X × Y).

Parameterization of the score functions: εk : X × (Y ∪ {∅})×Θ→ Rd.
Projector on the empty class:

π∅ :

m∑
k=1

akδ(xk,yk) ∈ Span
{
δ(x,y), (x, y) ∈ X × Y

}
7→

m∑
k=1

akδ(xk,∅).

Training loss for learning both conditional and unconditional diffusion
model
Let p∅ ∈ (0, 1).

˜̀(θ, µ̂N , p∅) = −
n∑
k=1

[
(1− p∅)D̃k(θ, µ̂N ) + p∅D̃k(θ, π∅µ̂N )

]
.

with

D̃k(θ, µ) =νk

∫
X×Y∪{∅}

∫
Rd

∥∥ε− εk(
√
αkx0 +

√
1− αkε, y, θ)

∥∥2

×N (0, Id)(dε)µ(dx0,dy).

Ref: Ho and Salimans (2022) [5]. 30 / 41
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Projector on the empty class:

π∅ :
m∑
k=1

akδ(xk,yk) ∈ Span
{
δ(x,y), (x, y) ∈ X × Y

}
7→

m∑
k=1

akδ(xk,∅).

Training loss for learning both conditional and unconditional diffusion
model
Let p∅ ∈ (0, 1).

˜̀(θ, µ̂N , p∅) = −
n∑
k=1

[
(1− p∅)D̃k(θ, µ̂N ) + p∅D̃k(θ, π∅µ̂N )

]
.

with

D̃k(θ, µ) =νk

∫
X×Y∪{∅}

∫
Rd

∥∥ε− εk(
√
αkx0 +

√
1− αkε, y, θ)

∥∥2

×N (0, Id)(dε)µ(dx0, dy).

Ref: Ho and Salimans (2022) [5]. 30 / 41



Classifier-free guidance

Conditional sampling without classifier
Let c ∈ Y and s > 0,

xn ∼ N (0, Id)(dxn),

and for k = n, . . . , 1,

xk-1 | xk, c ∼ N
(

1√
1− βk

(
xk −

βk√
1− αk

ε̃k(xk, c, s)

)
, σ2
kId

)
,

with ε̃k(xk, c, s) := εk(xk, c, θ̂) + s
(
εk(xk, c, θ̂)− εk(xk,∅, θ̂)

)
.

Interpretation:

εk(xk, c, θ̂)− εk(xk,∅, θ̂) ≈ −∇xk-1 log p̃y|k-1(c | xk),

with p̃y|k-1(c | xk-1) =
p̃k-1(xk-1 | c)
p̃k-1(xk-1 | ∅)

.

Remark: Y does not have to be finite ! We can learn infinite mixture:

µ(dx) =

∫
Y
µ(dx | y)π(dy).

Ref: Ho and Salimans (2022) [5].
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Selection of (s, p∅)

50 100 150 200 250
0

10

20

IS

F
ID

p∅ = 0.1
p∅ = 0.2
p∅ = 0.5

Figure 8: Curves s ∈ [0, 4] 7→ (IS(s, p∅),FID(s, p∅)) on Image-Net 64×64.

Ref: Ho and Salimans (2022) [5].
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Latent diffusion models

Auto-encoder

x ∈ RH×W×3 −→ E(x, θ) ∈ Rh×w×c encoder,

decoder D(z, θ) ∈ RH×W×3 ←− z ∈ Rh×w×c =: Z.

The auto-encoder is trained so that D(E(x, θ), θ) ≈ x and E#(µ, θ) ≈ µz a
target distribution, via the minimization of the loss Dae(θ, µ̂N ).

Choice of µz(dz) = p0(z; θ)dz =

∫
Y
p0(θ, τ(y, θ), θ)dy a conditional diffusion

distribution, with τ an encoder of the conditioner.

Semantic 
 Map

crossattention

Latent Space Conditioning 

Text

Diffusion Process

denoising step switch skip connection

Repres 
entations

Pixel Space

Images

Denoising U-Net

concat

Ref: Rombach et al. (2021) [6].
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Latent diffusion models

Training loss for the latent diffusion model

Let µ̂N =
∑N
i=1 δ(xi,yi) be the training set.

˜̀̀
b(θ, µ̂N ) = −Dae(θ, µ̂N )−

n∑
k=1

Dzk(θ, µ̂N ),

Dzk(θ, µ̂N ) := νk

∫
X×Y

∫
Z

∥∥ε− εk(
√
αkE(x0, θ) +

√
1− αkε, τ(y, θ), θ)

∥∥2

×N (0, Id)(dε)µ̂N (dx0,dy).

Ref: Rombach et al. (2021) [6].
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Text to image generation

Figure 9: y =“A painting of the last supper by Picasso.”

Ref: Rombach et al. (2021) [6].
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Layout to image generation
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Universal guidance

Let us assume that we have a pre-trained diffusion model with score
functions (εk)1≤k≤n. We want to sample an image x subject to the
condition f(x) ≈ c, where c is a prompt and f is a guidance function. The
condition can be rewritten equivalently as

L(c, f(x)) ≈ 0 for some loss L.

Score function for the conditional sampling

ε̃k(xk, c) := εk(xk) + sk∇xkL
(
c, f

(
x̂k0(xk)

))
,

with x̂k0(xk) =
xk −

√
1− αkεk(xk)√
αk

.

Ref: Bansal et al. (2023) [1].
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Example: image generation from text + style source

Ref: Bansal et al. (2023) [1].
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Discussion

Illustrate a scene in the style reminiscent of André Franquin featuring a post-doc researcher
presenting in front of a sleeping audience. The researcher, characterized by a clumsy demeanor,
stands flustered in front of a blackboard. This researcher’s clothing is slightly disheveled, indicating
their preoccupation with work over appearance. In a humorous twist, instead of scientific equations or
complex data, the blackboard is filled with pictures of Welsh corgis, adding a playful and absurd
touch to the scene. The audience, depicted with exaggeratedly humorous sleeping poses, reflects
Franquin’s knack for dynamic expressions and character designs. Some are slouched over their desks,
others have their heads thrown back mid-snore, and one might even have a bubble popping from their
nose. The entire scene is set in an academic lecture hall, complete with rows of seating and a podium,
showcasing a lecture that has amusingly gone off track.
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